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Abstract 



We define functorial isomorphisms of parallel transport along etale paths for 
a class of principal G-bundles on ap-adic curve. Here G is a connected reductive 
algebraic group of finite presentation and the considered principal bundles are 

■ just those with potentially strongly semistable reduction of degree zero. The 
(-H I constructed isomorphisms yield continous functors from the etale fundamental 

■ groupoid of the given curve to the category of topological spaces with a simply 
transitive continous right G(Cp)-action. This generalizes a construction in the 
case of vector bundles on a p-adic curve by Deninger and Werner. It may be 
viewed as a partial p-adic analogue of the classical theory by Ramanathan of 
principal bundles on compact Riemann surfaces, which generalizes the classical 

^ I Narasimhan-Seshadri theory of vector bundles on compact Riemann surfaces. 

^ '. MSG (2000): 14H60, 14H30, 11G20 

\0 ■ Introduction 
O 

' Every finite dimensional complex representation of the fundamental group of a com- 

■ pact Riemann surface gives rise to a flat vector bundle and hence to a holomorphic 
^ , vector bundle. By a classical result of Andre Weil ([W]), a holomorphic vector bun- 

^ I die on a compact Riemann surface is given by a representation of the fundamental 

group if and only if all its indecomposable components have degree zero. A famous 
theorem of Narasimhan and Seshadri states that there is an equivalence between the 
category of unitary representations of the fundamental group and those of polystable 
vector bundles of degree zero ([Na-Se, Corollary 12.1]). In particular, this result im- 
plies that every stable vector bundle of degree zero comes from an irreducible unitary 
representation ([Na-Se, Corollary 12.2]). These results have been extended to the 
case of principal G-bundles on a compact Riemann surface X by Ramanathan in [R] , 
where G is a connected reductive algebraic group over C. Ramanathan associates 
principal G-bundles to certain representations of Tri{X — xq) where xq is some point 
of X. Using an extension of Mumford's notion of semistability, he shows that a 
G-bundle is stable if and only if it is given by an irreducible unitary representation 

of 1Ti{X — Xq). 
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These results do not extend easily to the p-adic world as, for example, there is no no- 
tion of unitarity or universal coverings. However, Deninger and Werner constructed 
in their recent article [De-Wel] a partial p-adic analogue of the results by Narasinihan 
and Seshadri. They consider vector bundles E on Xq^, where X is a smooth projec- 
tive curve over Qj,, which have potentially strongly semistable reduction of degree 
zero. For all such vector bundles E they construct functorial isomorphisms of "paral- 
lel transport" along etale paths between the fibres of E. One obtains a representation 
Pe,x of 7ri(X, x) on x*E =: Ex for every point x G X{Cp). Several aspects in rela- 
tion to this construction have been studied by Deninger, Werner, Herz and Tong in 
[De-We2], [He], [T] and [We]. 

A natural question is whether one can extend the results of Deninger and Werner 
to the case of principal bundles in order to obtain a partial p-adic analogue of the 
classical results of Ramanatlian. The construction of isomorphisms by Deninger and 
Werner may be extended easily, but the characterisation of the class of bundles to 
those they asoociate representations do not transfer directly to the case of principal 
bundles as they use frequently special properties of vector bundles, e.g. they work 
always in Zariski toplogy (whereas in the case of principal bundles fppf or etale 
topology is needed) or use the fact that vector bundles are coherent sheaves. 

The present article, which is a shortened english version of the authors thesis ([H]), 
shows now how the construction by Deninger and Werner can be extended to the 
case of principal G-bundles on , where G is a connected reductive group scheme 
of finite presentation over the ring of integers o of Cp. Here and in the whole paper, 
a principal G-bundle or G-bundlc for short is a G-torsor with respect to the fppf- 
topology and we consider G-bundles E with potentially strongly semistable reduction 
of degree zero. We use here the notion of a degree of a principal bundle of Holla 
and Narasimhan ([HN]) and the definition of semistability by Ramanathan ([R]). 
As in the case of vector bundles we say that a G-bundle E on Xq^ has strongly 
semistable reduction of degree zero if E extends to a G-bundle E on Xg = X o, 
for a suitable model X oi X such that the pullback of the special fibre E^ of E 
to the normalisation of every irreducible component of Xk is strongly semistable of 
degree zero. Furthermore, we say that E has potentially strongly semAstable reduction 
of degree zero if there is a finite etale morphism a: Y ^ X such that a^^E has 
strongly semistable reduction of degree zero. If we denote by V{G{Cp)) the category 
of topological spaces with a simply transitive continous G(Cp)-action from the right, 
our main result is the following: 

Theorem 4.4 Let E be a pincipal G-bundle on Xc^ with potentially strongly semi- 
stable reduction of degree zero. Then there exist functorial isomorphisms of "parallel 
transport" along etale paths of the fibres of E on Xc^. In particular, for every such 
principal G-bundle E, one gets a continuous functor pE from 7ri{X) to V{G{Cp)) 
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such that Pe{x) = = x*E for all x G X{Cp). This defines a functor 



p: ^ Rep,,(x)(G(Cj,)), E ^ pE, 

where ^^x^. category of G-bundles with potentially strongly semistable re- 

duction of degree zero and Kep ^^(^x){G{Cp)) the category of continous functors from 
7ri(X) to r{G{Cp)). 

This construction may be considered like a partial p-adic analogue of the theory of 
Ramanathan. 

The paper is organized as follows. 

In the first section we recall some basic facts about torsors and the etale fundamental 
groupoid. Furthermore, we recall the definitions of certain categories of coverings 
defined in [De-Wel] which we need for the rest of the paper. 

In the second section we define and investigate categories ^Xcp,D{G) and ^Xo,d{G) 
involving a divisor D on X where X is a fixed model of X. For every bundle in these 
two categories, we construct isomorphisms of parallel transport along etale paths 
in U = X \ D based on initial ideas of Deninger ([De-We3]). First we do this for 
the bundles in the category S^Xa,D{G) for a fixed model X of X by imitating the 
construction of parallel transport in the case of vector bundles. Then we extend this 
construction to all bundles in the category ^Xcp,DiG). In more technical terms, we 
construct a continuous functor pE from Tri{X — D) to V{G{£,p)) (resp. V{G{o))) 
such that pe{,x) = E^ = x*E for all x G X(Cp), where ^(^(0)) is the category of 
topological spaces with a simply transitive continous G(o)-action from the right. By 
using a Seifert-van Kampen theorem, we show that the functors pE glue for different 
choices of the divisors D (Proposition 2.7). We conclude this section by a collection 
of nice functorial properties of the construction and show that it is compatible with 
the construction in the case of vector bundles (Propositions 2.10, 2.13). 

In the third section, we investigate the categories ^^x„.DiG) and .^Xcp,D(G') more 
carefully. First we prove that for a G-bundle E on to be contained in ^^c, d (G) 
it suffices that Tr^Sk is trivial, where vr^ is the special fibre of some vr as above. We 
continue with a characterisation of the principal bundles on a purely one-dimensional 
proper scheme over a finite field whose pullback to the normalisation of each 
irreducible component is strongly semistable of degree zero: these are exactly the 
bundles whose pullback by a finite surjective morphism to a purely one-dimensional 
proper Fq-scheme becomes trivial. For principal bundles on smooth projective curves 
over finite fields this characterisation follows from a result of Deligne ([Las]). 

In the fourth and last section we finally state and prove our main theorems that 
our previous constructions together with the characterisation of the categories in the 
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third section yield us functorial isomorphisms of parallel transport for all principal 

G-bundlcs with (potentially) strongly semistable reduction of degree zero and show 
that the fibr functor in a fixed point is faithful. We conclude with a collection of 
remaining open questions. 
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support during my stay. Furthermore I was also partially supported by the Deutsche 
Forschungsgemeinschaft via its SFB 478 "Geometrische Strukturen in der Mathe- 
matik" . 

1 Preliminaries 
1.1 Torsors 

We start by recalling some basic definitions and facts about torsors. 

Let G be a group scheme which is faithfully flat and locally of finite presentation 
over some base scheme S. We call an S'-scheme P on which G acts from the right 
via P X G ^ P,{x,g) xg a (right) G-torsor with respect to the fppf topology 
if there is a covering {Ui — > S)i^i in the fppf topology on S such that P xs Ui 
endowed with the induced G Xs i/j-action is isomorphic to G x s Ui, endowed with 
the G Xs i/j-action induced by the group multiplication. In the following, a G-torsor 
is always a (right) G-torsor with respect to the fppf topology. A G-torsor P is called 
trivial if P is isomorphic to G, considered as a G-torsor with right multiplication. It 
is well known that an S'-scheme P with a G-action from the right is a G-torsor if and 
only if P is faithfully flat and locally of finite presentation over S and the canonical 
morphism P X G ^ P X P, {x,g) {x,xg) is an isomorphism. 

If G is a group object in the category of sheaves with respect to the fppf topology 
on S, then a right-G- (sheaf) torsor P is defined as a sheaf P on which G acts by 
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a morphism P Xs G P,{x,g) h- > xg such that the following condition holds. 
There exists a covering {Ui S)i^i for the fppf topology on 5* such that P xs Ui 
is isomorphic to G Xg Ui and this isomorphism is compatible with the actions of 
G Xs Ui. We call a G-torsor P trivial if it is isomorphic to G as a G-torsor. It is 
obvious that a sheaf torsor is a torsor if it is representable by a scheme. It follows 
from Yoneda's Lemma that two torsors P and P' are isomorphic if and only if they 
are as sheaf torsors. Not every sheaf torsor is representable by a scheme, but in 
the case that G is affine - like it will be in the present paper - all sheaf torsors are 
representable. 

More generally, torsors can be defined similary for arbitrary Grothendieck topologies 
and arbitrary topoi. We conclude this section by recalling that there is a well known 
connection between torsors and cohomology: 

Proposition 1.1 If G is a Bat group scheme of Gnite type over a scheme X, then 
we can identify the set of isomorphism classes of G-sheaf-torsors with respect to the 
fppf-topology (resp. Zariski-topology resp. etale topology) on X with H^{Xfppf,G) 
(resp. H^{X,G) resp. Hl^{S,G)). 

If G is in addition afhne, then we can identify the set of isomorphism classes of G- 
torsors with respect to the fppf topology (resp. Zariski topology resp. etale topology) 
on X with H^{Xfppf,G) (resp. H^{X,G) resp. Hl{S,G)). 

1.2 Categories of coverings 

In this section, we recall the definition and some basic properties of some categories 
of coverings introduced by Deninger and Werner in [De-Wel]. In the following, a 
variety over a field k is always a geometrically irreducible and geometrically reduced 
and separated scheme of finite type over k. A curve is a one-dimensional variety. 

We let i? be a valuation ring with quotient field Q of characteristic zero. For a 
smooth projective curve X over Q, wc consider a model X oi X over R, i.e. a 
finitely presented, flat and proper scheme X over Spec R such that X is isomorphic 
to X ®R Q. Finally, we write X — D for X — supp D for a divisor D of X. In this 
situation we may define: 

Definition 1.2 ([De-Wel, p. 4,5]) We define a category Sx,d as follows: The 
objects are finitely presented, proper i2-morphism tt : ^ — > j£ whose generic fibre 
TTQ : yQ —> X is finite and such that the induced morphism ttq : TrQ^{X — D) X — D 
is etale. A morphism from vri : ^ X to 7r2 : 3^2 ^ ^ is a morphism (/? : ^ 3^2 
such that TTi = 712 o V'- If such a morphism exists, we say that tti dominates tt2. If, 
in addition, ifg = <Sir Q induces an isomorphism of the local rings of two generic 
points, we say that tti strictly dominates 1^2- 
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It is obvious that finite products and finite fibre products exist in Sx,d- Furthermore, 
it is easy to verify that for every morphism ip : (tti : yi ^ X) ^ (7r2 : 3^2 ^ ^) the 
induced morphism ^ 3^1 ^ 3^2 is proper and of finite type and its generic fibre (pg 
is finite and etalc over X — D. 

We recall also the full subcategory 5'^°^'^ of Sx,d' 

Definition 1.3 The full subcategory S^'^ of Sx,d consists of all elements it: y ^ X 

whose structure morphism X: y ^ Spec R is flat and satisfies Xi^Oy = Ospec R uni- 
versally, and whose generic fibre Xq : yq Spec Q is smooth. 

It is easy to see that \i it: y ^ X lies in S^'^, then yq is geometrically connected 
and hence a smooth projective curve over Q. This implies that y is irreducible and 
reduced. 

As a corollary of an analogous statement for abitrary discrete valuation rings, Denin- 
ger and Werner proved the following result: 

Proposition 1.4 Let X he a smooth projective curve over Qp, D a divisor in X 

and X a model of X over Spec Zp. Furthermore, let VTj : ^ X be a Bnitc number of 
objects in Sx,d- Then there exists a finite extension K of Qp and a smooth projective 
curve Xk over K with a model over Ok and a divisor Dk of Xk such that the 
following holds: We have X = Xk ®k K, D = Dk ®k K and X = Xoji 'S'ok ^p- 
Furthermore there is a element tTo^ : 3^ok ^ '^^ Dk sucL that the morphism 
IT = TToji ®ok dominates all tTj. 

Corollary 1.5 Let X,X and D be as before. Then any finite number of objects 
TTj: 3^1 — > 3£ in Sx,d is dominated by a common object {tt: y ^ X) E S^^. 

Next we need another full subcategory of Sx,d- 

Definition 1.6 ([De-Wel, p. 5]) The full subcategory in Sx,d consists of 

all elements tt : 3^ — > X in Sx,d such that A : 3^ — > Spec i? is a semistable curve whose 
generic fibre yq is a smooth projective curve over Q. 

Remark 1.7 We recall from [De-Wel, Theorem 1, Corollary 3] that all stated facts 
on the subcategory hold verbatim for the subcategory S^j^. 

1.3 Etale fundamental groupoid and fibre functors 

Last, but not least, we recall the notions of an etale fundamental groupoid and of 
fibre functors which will be important in the following. The general reference is 
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[SGAl], but a collection of basic facts is also given in [De-Wel, p. 577 etc.]. 

Let Z he a variety over Qp, and let z € Z{Cp) be a geometric point. The fibre 
functor Fz from the category of finite etale coverings Z' of Z to finite sets associates 
to every such Z' the set of its Cp-valued points lying over z. 

Moreover, we define the topological category tti{Z) as follows: the objects are just 
the geometric points of Z, i.e. the set of objects is Z{Cp). A morphism in 7ri(Z) 
between two Cp-valucd points z and z* is an isomorphism of its associated fibre 
functors. Such an isomorphism of fibre functors is called an etale path from z to z* . 

Wc know by [SGAl, Expos V, 4., 7.] that every fibre functor is pro-representable. 
Therefore, MoT^^(^z)izi z*) is a profinite set and a compact totally disconnected Haus- 
dorff space (see [De-Wel, p. 577]). Moreover, composition of morphisms induces a 
continous map Mot^^i^z){z, z*) x Mor^^(^z){z* , z**) — > Mor^^(^)(z, z**). The topolog- 
ical category ni{Z) is called the etale fundamental groupoid of Z. 

2 Parallel transport for principal bundles 

2.1 Parallel transport for principal bundles on X 02 o for a fixed 
model X of X 

Let be the ring of integers in Cp and let 5 := Spec 0. Furthermore, let G := Spec A 
be a smooth affine group scheme of finite presentation over o. It follows directly that 
G is also faithfully flat over o, since any flat group scheme of finite presentation is 
faithfully flat ([SGA3, Expose VIb, Proposition 9.2. (xi),(xii)]). 

In the remaining part of this article, a G-torsor or principal G-bundle P on a o- 
scheme ^ is always a representable right = G Xgpeco ^-torsor with respect to the 
fppf topology on ^. By faithfully fiat descent, it follows that such a G-torsor on an 
o-schcmc ^ is always smooth over ^. Furthermore, we deduce from [Gr, Theoreme 
11.7.] that P is a G-torsor with respect to the etale topology. 

Let now P be a principal G-bundlc on an o-schemc ^. Then we have a natural action 
of G(o) on r(^, P) which makes r(^, P) into a right-G(o)-module. 

Let /: '^i ^ ^2 be a morphism of o-schemes, and let P be a G-bundle on ^2- Then 
the pullback f*P := ii x^,^ P \s a principal G-bundle on ^i, and there is a natural 
map /* : r(^2)-P) ^{ii-, f* P) which is equivariant under the right-G(o) action. 

For n > 1 we set o„ := o/p^o = 'Lp/p^'Lp such that we have o = limOn- Moreover, 

n 

we define An := A ®o On and denote by G„ := Spec An the reduction of G modulo 
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p". For any o-scheme ^ we set ^„ := ^ <Sio On- For a G-bundle P on ^, we define the 
scheme P„ as the reduction of P to a G- resp. G„-torsor on i. e. we set P„ = i*P, 
where in - ^ ^ the canonical morphism. 

We now endow G{o) with a prodiscrete topology induced by the canonical isomor- 
phism 

G{o) ^ Homo_Aig.(^, o) - limHomp.Aig.(^, On) = limG(On) 

n n 

and the discrete topology on G(o„) such that G(o) becomes a topological group. The 
formal smoothness of G over implies that all transition maps (j(o^i^i) — > Gr(o^) 
are surjective. From the construction of the projective limit follows thus that all 
morphisms G{o) G{On) are also surjective. 

These prerequisites allow us to define a category ^Xo,d{G) of G-torsors on X (g)^^ o 
where X is a fixed model of X over Zp. 

Definition 2.1 We fix a model X over Zp of a smooth projective curve X over Qp 
and a divisor D on X. We define ^Xo,DiG) to be the category of principal G-bundles 
P on Xo = X (Eigp with the following property: 

For all n > 1 there exists an object tt: 3^ — > X of Sx,d such that 7r*P„ is trivial, i. e. 
it is isomorphic as G„-torsors to the trivial torsor (g)^^ G„ where 7r„ : y„ — X„ is 
the morphism induced by tt. 

In the following we fix a smooth projective curve X over Q^, a model X oi X over 
Zp and a divisor D in X. We easily see that for a morphism f: X ^ X' of models 
over Zp of smooth projective curves X and X' over Qp and a divisor D' in X', the 
pullback functor /* for G-torsors induces a functor /*: ^x'o,D'{G) ^Xo,f*D'{G). 

Let X : Spec Cp ^ X be a Cp-valued point of X, and let P be a principal G-bundle 

over Xg. Then x induces a morphism x: Spec Cp X ^ X which again induces, 
by the properness of X, an unique morphism Xg- Speco Xg- For n G N, n > 1 
we set Xn '■= Xo o (Spec o„ Spec o) such that we can define the groups Px„ and 
Px„ by Pj;„ := (x*P)(o) and Px„ := (x*P)(On)- Next we want to define topologies 
on Px^ and Px„ ■ We use here that the G-torsor x*P is affine by descent theory. As 
(a;*P)„ = a;*P, we have the following lemma: 

Lemma 2.2 We have Px„ = lim Px„ ■ 

n 

Proof As x*P is affine over o, say x*P = Spec B, we have that Px„ = (x*P)(o) is 
isomorphic to Homo-AigCP, o) = lim Hom|,_Aig(P, On). Moreover, f{p'^B) = holds for 

n 

every morphism of o-algebras / : P ^ o„. Every such morphism / factorizes therefore 
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through B/p^B = B®o On- This imphes Homo-Aig(-B, On) = Homo„.Aig(5 ®o "n, On)- 
Using {x*gP)n = P we obtain thus: 

Px, = lim Homo„-Ala{B ®o On, On) 

n 

- lim(C(a;:P))(On) = lim«P)(On) = limP,„ 

n n n 

□ 

If we endow Px^ with the discrete topology for all n, then we obtain a prodiscrete 
topology on P^^. This makes Px„ into a topological space with a continous G(o)- 
action. Furthermore, we deduce from the fact that o is a complete hcnsclian ring 
that x^P is a trivial G-torsor with respect to the etale (resp. fppf) topology. Thus 
G{o) and G{On) act simply transitive on Px„ resp. Px^. 

Next we deduce easily from descent theory that x*P is smooth over Spec o. This 
implies that all transition maps x*P(o„+i) a;*P(o„) and, by the construction of 
the projective limit, all morphisms x*P(o) a;*P(o„) are surjective. 

Definition 2.3 We define the category P(G(o„)) for every n G N, n > 1 as follows: 
The objects are sets with a simply transitive right G(On)-action and its morphisms 
are just the G(On)-equivariant maps between them. 

If we fix now two arbitrary topological spaces Pi,P2 & V{G{o)), then the choice of 
two elements pi G Pi and p2 € P2 defines a bijection 

$: G(o) ^ Morp(G(o))(Pi,P2), g> — ^ (<^g: Pi ^ P2, Pih ^ p2gh) 

which follows from the fact that G{o) acts simply transitive continous on Pi and 
P2. One checks easily that the topology on Mor-p((^(o))(Pi, P2) making it into a 
homeomorphism does not depend on the choice of p\ and p2- Thus V{G{o)) becomes 
in this way a topological category. 

Let now P be a G-torsor in ^Xo,d{G). Then we choose for all n > 1 an object 
(tt: 3^ ^ j£) G such that 7r*Pn is trivial on We set U = X — D and 

V = y (g)^ Qp — Then F is a finite etale covering of U. Thus there exists a 

point y e V{Cp) over x G U{Cp) by [Mu, 4.2] and it holds: 

Lemma 2.4 The pullback map y* : r(3^„, -K*Pn) r(Spec o„, ynK^n) = Pxn is an 
isomorphism of right-G{o) sets. 

Proof It suffices to show that the map 

Vn - r(:yn,:VnXSpec o„Gn) ^ r(SpeC 0„, y^C^nXSpec o„Gn)) = r(SpeC On,G„) = Gn(o„) 
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is bijective. 

By the universal property of fibre products we have the following natural bijections: 
T{yn, yn XSpec o„ Gn) = Morgpec o„(3^n, G„) ^ Hom„„.Alg(^„, Tiy^, OyJ) 

As TT G 51°^^^ and thus T{yn,OyJ = (An)*Oj;„ (Spec o„) = Ospec o„(Spec o„) = On 
holds, this is in canonical way isomorphic to }iomo^-Aig{An, On) = Gn(On)- If we 
identify r(>'„,>'„ Xspec o„ Gn) with G„(On), then the map y* is the identity. □ 

Lemma 2.4 enables us to construct a functor pp^n - T^iiU) 'P{G{o)) for every 
P G ^Xo,d{G) and all n G N, n > 1 using the notation U = X — D like above: 

For every Cp-valued point x of U we set pp^n{x) '■= Px„- An ctalc path 7 from 
X G U(Cp) to x' G U(Cp) is mapped to a morphism pp^n 

(7) in r{G{o)) as follows: 

First we choose an object {tt: y X) G S^'^ such that 7r*P„ is trivial on Xt- 
Furthermore we choose a point y G V{Cp) over x G U{Cp). Then 7?/ is a Cp- 
valued point of V over x' where we denote by 7y the image of y under the map 
"fv- Px{V) Px'{V)- Whithin these choices we are able to define pp^nil) as the 
composition 

PP,n(7): Px^ nyn^^Gn) ^ Px'„. 

Formally nearly in the same way as in the case of vector bundles (see [De-Wel, Section 
3]) one shows moreover that the definition of the morphism pp^nil) is independent of 
all our choices and defines a morphism in V{G{On))- We obtain thus a well-defined 
continous functor pp^n - t^i{X — D) — > V{G{On))- 

Using these functors pp,„ we are now able to define a functor pp : 7ri(C/) — > V{G{o)): 
For every Cp-valued point x of U we set pp{x) = P^^ and for an etale path 7 we 
define pp(7) as pp{j) = lim^pp,n(7): Pxo ^ Px',- 

This construction gives us a well defined functor pp because one verifies again for- 
mally nearly in the same way as in the case of vector bundles (see the proof of 
[De-Wel, Theorem 22]) that the family of maps (pp,n(7))n>i defines a morphism 
between the projective systems (Pa;„)n>i and {Px'^)n>i- 

We should remark that for any fixed point x E U (Cp) we obtain a continous homo- 
morphism pp: '!ri{U,x) -> Aut'p(^Gio))iPx,)- 

If we denote by Rep7ri(i7)(G'(o)) the category of continous functors from tti{U) to 
V{G{o)), then we obtain in conclusion a well-defined functor 

p:^x„,,(G)^Rep,,(c;)(G(o)) 
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by mapping an object P of oi^) ^^^^ Pp ^^'^ ^ morphism f-.P^P' onto the 
family {fxo)xeU{Cp)- Here f^, : P^o ^ P'x, denotes the map fx, = (a;*/)(o). 

This functor is well-defined because the family of morphisms of topological spaces 
with a continous G(o)-action {fa:, = x*J: Px, Px,)xeUiCp)=OhniiU) defines a 
natural transformation pf from to ppi which may be checked easily. 

2.2 Extension to principal bundles over Xc^ 

Of course, our real interest is with principal bundles over and not on a particular 
model. Our aim is to define functorial isomorphisms for principal bundles over Xc^ 
based on the isomorphisms of parallel transport defined for bundles on Xo for a 
particular model X in the previous section. This motivates the following definition: 

Definition 2.5 For a smooth afHne group scheme G of finite presentation over o let 
^Xcp,D{G) be the full subcategory of all right G-torsors (i.e. Gxc^-torsors) P on 
Xcp with the following property: 

There is a model X oi X over Zp and a G-torsor P on Xg which belongs to the 
category 3Sxo,d{G) such that the G-torsors P and j*P on are isomorphic where 
j : Xcp Xo is the natural immersion. 

Using the same arguments as for vector bundles, one defines starting from the con- 
struction in Section 2.1 for a fixed model a functor 

p: ^Xc„d(G) ^ Rep,,(t;)(G(Cp)) 

into the category of continous functors from '!Ti{U) into the category V{G{Cp)) of 
topological spaces with a simply transitive continous right G(Cp)-action: 

For any torsor P in ^Xcp,D{G), we define a continous functor 

p{P)=pp:7r^iU)^V{G{Cp)) 

as follows: For x G U{Cp), we set pp{x) = Px = x*P. For two points x,x' G U{Cp), 
we define a continous map pp = pp^x,x' '■ Mor7rj([/)(a;, x') }iom£p{Px, Px') by setting 
Pp{i) = i^x'^ o {Ppil) ®o Cp) o il^x- Here X is a choosen model of X over Zp and P a 
G-torsor in ^Xo,d{G) together with an isomorphism P ^ j*P of G-torsors over 
Xcp where j : Xc^ — Xq is the natural immersion. Furthermore, ipx is the fibre map 
ipx = x*{tp) : Px ^ {j*P)x = Pxo <^oCp = Px, (8)2 Q- On the other hand, a morphism 
/: P ^ P' in ^Xcp,D{G) is mapped onto the morphism p(/) = Pf- pp ^ pp' given 
by the family of maps {fx = x*{f ) : Px Px')x£U{Cp)- 
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Proposition 2.6 The above deGnition of the functor pp is independent of all our 
choices, i. e. of the choice of a model X and the G-torsor P G d i^) ■ 

This follows from analogous results to [De-Wel, Propositions 26, 27]. 

2.3 Gluing of the functors pp 

If P is a G-torsor on X^^ which belongs to categories ^XcZ)i(G) and ^Xo,D2(^) 
for different divisors Di and D2, we deduce from the Seifert-van Kampen theorem 
[De-Wel, Proposition 34] that we can glue the functors p\^p and p2.p constructed 
with respect to the divisor D\ resp. D2: 

Proposition 2.7 Let Di and D2 be two divisors in X and set Ui = X ^ Di and 
U2 = X — D2- Let P be a G-torsor on X which belongs as to ."i^Xcp.DiiG) as to 
^Xcp,D2{G) and let pp be our constructed continous functors ni{Ui) — > V{G{Cp)), 
where i = 1,2. 

Then there exists an unique continous functor pp: 'jt{Ui U U2) — V{G{Cp)) which 
induces the functors p^p on 'K\{Ui) for i = 1,2. 

2.4 Functorialities and comparison with the case of vector bundles 

In this section we collect some results on the functorial behaviour of the constructed 
parallel transport and show that our construction is compatible with that in the 
case of vector bundles in [De-Wel]. If we fix a model X of X, then the functor 

^Xo,d{G) — > Rep7ri([/)(G(o)) commutes with Galois conjugation, changing the 
curve or the model, extensions of the structure groups and the action of Gal(Qp/-fr) 
on the given objects in the case that all of them are already defined over a finite 
extension K of Qp. More details on this functorial behaviour and proofs of it are 
stated in [H]. 

Moreover, one can relate G-torsors to vector bundles as follows: Let F be a free 
o-module of finite rank and T the associated affine space over Spec 0. Then we 
define an algebraic representation of G on F as a homomorphism of o-group schemes 
G — > GL (r). In the following we write T for this representation and define RepG'(o) 
and Rep g'(o) (") as the categories of algebraic (resp. continous) representations of G 
(resp. G(o)) on free o-modules of finite rank. 

For any G-torsor P on a o-scheme ^, the fppf-sheaf E = P x'^ T is a vector bun- 
dle on ^. This construction is functorial in P and the representation F; for a 
morphism f : ^ ^ i it holds /*(P x*^ V) = f*P x*^ P. This implies that _ x<^ P 
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restricts to a functor _ x F : (G) — ,D such that we obtain a bifunctor 

_ x'^ _: ^Xcd(G') X RepG(o) ^ '^x„,D- (As in [Dc-Wcl], ^XcD is here the category 
of all vector bundles E on with the property that for all n G N exists an element 
IT € Sx,D such that vr*i? is trivial.) 

If Z: TTi{U) V{G{o)) is a continous functor and F a continous representation of V 
on G(o), we define the functor Z x^^") T: ■ki{U) Modo as follows. For x G U{Cp) 
one sets (Z x'^^") F)(x) = -Z(a;) x'^^") F. For an etale path 7 from x to we define 
(Zx'^('')F)(7) as the o-linear map from Z{x) x'^^^^F to Z{x') x'^('')F which is induced 
by the continous G(o)-linear map ^(7) : Z{x) —>■ Z{x'). 

Therefore we may define a bifunctor 

- x^^"^ Rep^^(^)(G(o)) x RepG(o)(o) ^ Rep^^(c/)(o) 

as follows. A pair {Z, F) of a continous functor Z : ni{U) — > T'{G{o)) and a continous 
representation of F on G{o) is mapped onto the functor Z x^^°^ F: 7ri(J7) Modo. 
Morphisms in Rep7ri([/)(G(o)) resp. Rep(3(c,)(o) are mapped in the obvious way. 
Like in [De-Wel], Rep^j(^)(o) is here the o-lincar category of continous functors 
from 7ri(C/) into the category of free o-modules of finite rank. 



Proposition 2.8 In the above situation, the following diagram commutes: 



^3e„,D(G) xRepG(o) — 

pxnat 

Rep^^([/)(G(o)) X RepG(o)(o) 



P 

■R'ep,ri(c/)(o)- 



In particular, Pp-^gy = pp x'^'^") F holds as functors from Tri{U) to Modo for all 
P e ^Xo,d{G) and F G RepG(o). 

Remark 2.9 For any given G-torsor P in SSxo,d{G) we obtain through the bifunc- 
tor _ x^ _ a vector bundle in ^Xo,D for every algebraic representation F of G. Thus 
Proposition 2.8 shows how to compute the parallel transport along etale paths be- 
tween the fibres of the vector bundle by the parallel transport of the torsor. 



We explain now shortly how we obtain a principal GL ^-bundle in ^x„ ,D (GL „) from a 
vector bundle of rank n in ,D- If -B is a vector bundle of rank n on a scheme then 
the fppf-sheaf Isog(£', A^) of local isomorphisms from E to the trivial vector bundle 
A^' on 4 is a right sheaf torsor under GL„^g. Since GL„^j is affinc over ^, this sheaf 
torsor is representable by a GL„-torsor P(-E), the so called frame bundle of E. If we 
map any morphism E ^ E' to the induced morphism lso^{E,A'^) Iso^(£",Ap, 
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then we obtain a well-defined functor P from the category of vector bundles of rank 
n on ^ into the category of GL „-torsors on ^. By the construction of the functor 
holds f*P{E) = P{f*E) functorially for every morphism / : ^ ^ This implies 

(n) 

that P restricts to a functor from the full subcategory of vector bundles of 

rank n in ^Xo,D into the category =^Xo,d(GL„). 

On the level of representations, we define a functor P from the full subcategory 
Rep^^^^(o) of Rep^^(^)(o) which contains of the representations of rank n into 
Rep^^([/)(GL„(o)) as follows: For an object T of Rep "^^^^^(o), i.e. a continous func- 
tor T: 7ri(?7) Mod[,"\ one defines a continous functor P(r) : Tri{U) V{G{o)) by 
P(r)(.x) = IsOo(r(a;), o") for every points G U{Cp) where Iso o(r(a;), o") is equipped 
with the naturally induced topology and the right action of GL„(o). For an etale 
path 7 from x to x' one sets 

p(r)(7) = (r(7)-i)* : ISO o(r(x), o") ^ iso oiTix'), o-),^^^o r(7)-i 

such that we obtain altogether a well-defined functor P(r). 

This definition of the functor P on the level of objects extends in a natural way to 

morphisms a: F — > F' in Rep ^'^^^^^^ (o) by defining the map from Iso o(F(,t). o") to 
Iso o(F'(x), o") which is induced by a for all x G C/ (Cp) as F{a){x) which is a natural 
transformation P(a): P(F) P(F'). 

Proposition 2.10 In the given situation, the diagram 

^S,D ^Rep^:}^)(o) 



^XoMG^n) ^Rep,,([;)(GL„(0)) 

of categories and functors is commutative up to canonical isomorphisms of functors. 
In particular holds p-p{E) — ^{pe) for every vector bundle E of rank n in ^Xo,D- For 
all X G U{Cp), the representations from Tri{U) on P{E).j; = Iso oiE^^ , o"') through 
Pp(^e) through 7 (pEil)"^)* are thus equal 

Remark 2.11 The Proposition 2.10 shows how to compute the isomorphisms of 
parallel transport for a vector bundle in the category ,D which were constructed 
by Deninger and Werner ([De-Wel]) by those for its frame bundle defined in this 
article. It follows moreover from the compatiblity of the construction with extensions 
of structure groups that is suffices to calcute the isomorphisms of parallel tranport 
for some reduction of the structure group of the frame bundle or equivalently for 
some subbundle of the given vector bundle. 
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Because of the definition of the category ^Xcp, d{G) through the category ^Xo,d{G) 
and by the fact that the functor ,^Xcp,D{G) — > Rep^^([/-)(G(Cp)) was constructed 
in Section 2.2 in the same way based on the functor ^^Xc,,d{G) Rep ^^(f/) (G(o)), 
all properties of the category ^Xo,DiG) and the functors in the situation over o 
carry over to those over Cp. In particular, the functor ^Xcp,D{G) — > Rep^j((7)(G(o)) 
commutes with Galois conjugation, changing the curve or the model, extensions of 
structure groups and the action of Gal{Qp/K) on the given objects if all of them are 
already defined over a finite extension K of (Qp. Again, more details and proofs of 
this functorial behaviour are stated in [H]. 

Next we state that for any algebraic representation F of G the above defined functor 
_ T: ^XoMG) ^Xo,D induces a functor _ T: ^Xc^M^) ^ ^Xcp,D- In 
the same way one obtains from the bifunctors 



x^-: ^XoMG) X RepG(o) ^ ^Xo,D 



and 

bifunctors 
and 



X 



G(o) . 



: Rep^^(,7)(G(o)) X RepG(o)(o) ^ Rep^^(,7)(o) 



_ x« _: ^XcpMG) X RepG(o) ^ ^Xcp,D 

_ x«(C^) _: Rep^,([,)(G(Cp)) x RepG(c,)(Cp) ^ Rep ^^^u)iCp) 

where RepG(Cp)(Cp) is the category of continous representations of G{Cp) on finite 
dimensional Cp-vector spaces. With these functors follows from proposition 2.8: 

Proposition 2.12 In the above situation, the following diagram commutes: 
^XcpMG) X RepG(o) — ^^Xc,D 

pxnat 

Rep^j([7)(G(Cp)) X RepG(Cp)(Cp) — = = ^Rep^^^u){Cp). 

In particular, Pp-^gy = pp x'^('^p) {T Cp) holds for all P G ^Xc ,d{G) and 
V e RepG(o) as functors from 7ri{U) to V{G{Cp)). 

Finally, the above defined functors P extend to functors P : D ~^ ^Xcp,D{GL „) 

and P: Rep|^"|^j^(Cp) — >■ Rep^^(u)(GLn(Cp)). From Proposition 2.10, it follows: 
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Proposition 2.13 In the given situation, the diagram 



Rep 



(n) 

7ri(!7) 
P 



(Cp) 



^XcpM^^n) ^Rep^^(;7)(GL„(Cp)) 



of categories and functors is commutative up to canonical isomorphisms of functors. 
In particular, pp(^E) = holds for every vector bundle E of rank n in ^Xcp,D- 

Thus the representations from 7ri(C/) to (P{E))x = lsoCp{Ex,Cp) through pp(^E) ^nd 
through 7 (pe(7)~^)* are equal for all x G U{Cp). 



3 Characterisation of the category ^Xo,d{G) 



It is difficult to verify directly from Definition 2.1 whether a given G-torsor P on 
Xo is contained in the category ^Xa,D{G). In the following we establish therefore 
another characterisation of the objects of 3§Xo,d{G)- This is analogous to Theorems 
16, 17 and 18 in [De-Wel]. 



3.1 Reduction to the special fibre 

Theorem 3.1 Let X he a model over "Lp of a smooth projective curve X over Qp. 
and denote by k = ¥p the residue field of Zp. A G-torsor P on X^, is contained in 
^Xo,d{G) if and only if there is an object it: y ^ X of the category Sx,d such that 
TT^Pfe is trivial on = y ®ig k where we set Pk = P ^gk- 

Proof 



(i) The necessity is obvious. Let thus P be a G-torsor on Xg with the prop- 
erty that there is an object tt: y ^ X oi Sx,d such that vr^Pfc is trivial on 
yk = y ®x ^- Remark 1.7 we may assume vr G S^o- Then it follows 
from noetherian descent that the family {X, D.G, Pi,it: y ^ X) descends to 
a family (X^ , , , P,-ko: y^ ^ X^) over the ring of integers Ok of a finite 
extension K ofQp. Here 3£P is a model over Ok of the smooth projective curve 
X° = X^ iS>ok ^ over K, G° a group scheme which is affine, smooth and of 
finite presentation over a normal, finitely generated O/^-algebra A and P is a 
G% , -torsor on X\ ®^ Ok/por whose restriction to the special fibre 
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^ ®ok ^k/P becomes trivial after puUback along ttq (8) Ok/P- Moreover, ttq is 
an element of j-,^ . 

(ii) Let e be the ramification index of K over Qp and let o^/g := o/p'^o = Z^/p^Zp. 
Note that this is compatible with our earlier notation o„ = o/p"o. 

Let TT^/g, P^/e etc. be always the base change with o^fg where P is the generic 
fibre of P. As VTi/g is also the base change of ttq (8)ox '^k/P with Oi/g, it follows 
that nl/gPi/e = (tto 'S> Ok/P ® Oi/e)*(-P ® o/p) is trivial on y^/g. 
By induction it therefore suffices to prove the following assertion (*): 

Given > 2 and some element vr: 3^ ^ X of such that '^'(^i,_iygP(u-i)/e is 
trivial, there exists an object /j,: Z —>■ X in S^j-, such that A**/g-Pi//e is a trivial 
G-torsor on Z^/g. 

Let and tt: ^ — > j£ be as in (*) and i: y(y_x^ig =^ yvje the natural closed 
immersion. 

If y^^jg is affine, then the canonical application 

is by [Gi, Corollaire VII. 1.3.2] a bijection as for fppf topology as for etale 
topology and thus T^1igPu/e is also trivial such that wc may choose fi = tt. 

In the following we assume therefore that y^/g is not affine. Let I be the sheaf 
of ideals which defines the immersion i and satisfies = 0. Then we have by 
[Gi, Lemme VII. 1.3. 5] the following exact sequence of sheaves on {yi,/g)et' 

1 ^ i*i^{u-i)/e ®Oy^^_^^^^ 1) h ^ Q "JL^ i*Gy^^_,y^ 1, 

where we set ^(j,_i)/e := Lie{Gy^^_-^y^/y(^,y_iyg). Note that i is an universal 
homoeomorphism such that one may identify I naturally with an Oy^^_^y^- 
module. Moreover, adj denotes the composition of the adjunction morphism 
Gy^/e ~^ with the morphism i^i*Gy^^^ ^*^3^{^-i)/e induced by the 

canonical morphism i*Gy^^^ — >■ Gy^^_^s^^^. Next, the morphism h is induced 
by the bijection z*(^(^_i)/e 2r)(S') ker(G:j;_^^^ uGy^^_^yJ{S),a ^ ea. 
Here e is the unit section of Gy^^_^y^ and S — > y^^/g is etale. 

Prom this exact sequence we deduce the exact cohomology sequence 

Hltiyu/e,i*{-^(u-l)/e(^Oy^^_^y^I)) Hlf{yi,/g,Gy^^J Hl^{yi,/g,uGy^^_^yJ. 

By [SGA4, Corollaire VIII. 5. 6] is now R^i^Gyi^^_^y^ = because i is a closed 
immersion and in particular integral. This implies by [Gi, Proposition V.3.1.3] 
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that i?]t(3^v/e,^*Gy(^_i)/J is isomorphic to Hl^{y,^^_iye,Gy^^_^^^J such that 
the sequence 

is therefore exact. As above, i2^?*(Jf(^_i)/e '^Oy^^ T) = holds by [SGA4, 
Corollaire VIII. 5. 6]. Thus we have by [Gi, Proposition V.3.1.3] an isomorphism 

Hitiyiu-l)/e,-^iu-l)/e ®Oy^^_^^^^ I) ^-ff]t(3^^/e,i*(^(i.-l)/e ®Oy^^_^^^^ I)) 

such that the sequence 

^ltiy{i'-l)/e,-^{u-l)/e®Oy^^_^^^^^) ^ Hlf{y^/g,Gy^^J ^ -ffit(3^(i.-l)/e! <^y(,_i)/e) 

is therefore exact. 

If n is the class of T^li^Pv/e i^i -f^ltC^i^/ei ^y^/Ji then i* maps O onto the class of 
^*K/eP'^h = 7r(,.-i)/e^(i^-i)/e' i" 6- the trivial class in Hl^{y^^_]_y^,Gy^^_^^^J. 

As the above sequence is exact, there exists a class A in ffj^(3^(t,_i)/e, -2'(iy-i)/e <^y(^_i)/e 
such that {hoj){A) = Vl. The canonical Oy^_^_^j^_,-module structure of ^(jy_i)/e 
and Z induces moreover the following exact sequence of sheaves on (J'(i/-i)/e)et- 

^ ker(Q;) ^ X ■^{v-i)/e ®Oy^^_^^^^ 1^0. 
Here a is the canonical morphism. This delivers a surjection 

Hltiy{u-l)/e,^) ^ H}^{y^^_iye,-^{u-l)/e ®y(.-i)/e ^) 

because 3^(j._i)/e is onedimensional and if|j(3^(^_i)/e, ^) - -f^^(3'(i/-i)/e) =^Zar) 
holds for every etale sheaf ^ on ^(,/_i)/e by [M, Proposition III.3.3] where ^zar 
is the restriction to the Zariski topology. 

The Oy^^ j^^^-module structure of I gives us moreover a canonical exact se- 
quence 

^ ker ^ Oy(.-i)/. ^1^0 
of sheaves on {y(u-i)/e)et- The same argument as above delivers thus a surjec- 
tion //]i(3^(^_i)/e,Oj;(^_j)/J ^ H^^{y^^_iy^,I). 

If next the genus of the generic fibre Yk of the model 3^*^ is zero, then it 
follows in the same way as in [De-Wel] that -f^iar(-^(i'-i)/e) ^y(,.-i)/e) — ^ 
holds: As we may assume that has a rational point, we have Y^ = 
such that xO^K, C^Yk) = x(^k) ^y^) = 1 where y^ is the special fibre of As 
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moreover (Ao)*0>'o = C'spec ok where Aq denotes the structure morphism of 3^0) 
this imphes H^{y^,Oy^^ = 0. By [Mf, p. 53, Coronary 3] it holds therefore 
H\yu>/e, Oy^,^^) = for all u' G N. This implies i/i„,(3^(,_i)/e, Oy^^^^^^J = 
and by [FK, Proposition 1. 2. 5.] Hl^{y^y_iy^,Oyf^^_^yJ = either. But then 
^ = holds and thus $7 = either such that T^^j^Pv/e is trivial. In the case 
that the genus of Yk is zero we may therefore choose /x = tt. 

Let us therefore now assume that the genus of Yk is different from zero. 
Then it follows from the proof of [De-Wel, Theorem 11] that there is a mor- 
phism p: {ii: Z ^ X) (vr: 3^ — > j£) in Sx,d such that the induced map 
p* : H^{y, Oy) H^{Z, Oz) satisfies the relation 

p\H\y,Oy))^p-l-H\Z,Oz). 

By [FK, Proposition 1.2.5] one has the same assertion in the case that we work 
with cohomology groups for the etale cohomology instead of for the Zariski 
topology. If we work in etale cohomolgy, we denote the morphism by ptj. As 
in the proof of [De-Wel, Theorem 16] it follows that the induced map 

(Pet)(z/-l)/e- Hlt{y{i^-l)/e,Oy^^_^yJ Hl^{Z^^^_ly^,Oz^,_^y,) 

is trivial. Prom the commutativity of the diagram 



(p|t)(L'-l)/e=0 



(P«)^/e 



follows then that {p,it)*^^Q, is trivial because, as already shown, $7 possedes a 
preimage in i/]^(3^(^_i)/e, Oy^^^^^^J under hojoaog. 

Therefore pl^^P^/^ = iPet)l/eiK/e^'^/e) is also a trivial torsor on Z^/g for the 
etale topology and for the fppf-topology what was to show. □ 



3.2 Trivializibility of etale G-torsors 

In order to find a characterisation of the category ^Xo,d{G) without any use of the 
covering categories Sx,d,S^'^ resp. S^jj we need the following definition: 

Definition 3.2 Let G be a connected algebraic group over a finite field ¥g and X 
be an F^-scheme. Then we call an etale G-torsor P trivialisable, if there exists a 
finite surjective morphism fiY^X such that f*P is a trivial G-torsor on Y. 
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We recall now the following resultat by Deligne cited in [Las] which gives us a relation 
between trivialisable etale G-torsors and those that are isomorphic to its puUback 
under the absolute Frobenius: 

Proposition 3.3 (see [Las, Proof of Lemma 3.3.]) Let G be a smooth connec- 
ted algebraic group over ¥g and X be a scheme over Fg and F the absolute Frobe- 
nius. Here it is q = p'' and our notation does not distinguish in order to simplify 
her between the absolute Frobenius of X and those of G. Then the embedding 
G{¥q) = G^ ^ G induces a functor from the category of G{¥q)-torsors on X with 
respect to the etale topology into the category of etale G-torsors P on X which are 
isomorphic to F*P as G-torsors. This functor is an equivalence of categories. 

Corollary 3.4 Let G be a connected reductive group scheme of finite presentation 

over ¥q, q = , X be a scheme over ¥q and F the absolute Frobenius of X . Then 
every etale G-torsor P on X, which is isomorphic to its puUback F*P as an etale 
G-torsor, is trivialisable by a Gnite etale morphism f: Y ^ X. 

Proof Let P be an etale G-torsor on X which is as an etale G-torsor isomorphic to 
its pullback F*P under the Frobenius. Then there exists following Proposition 3.3 a 
G^-torsor Q such that P = Qa'^ G holds. As G^ = G{¥q) is smooth and finite, Q is 
finite over X by [M, Proposition IIL4.2] such that / : Q — > X is a finite etale covering 
of X. One should notice here that under the given assumptions every G-torsor with 
respect to the fppf-topology is also a torsor with respect to the etale topology and 
vice versa. It is now f*Q = Q Xx Q trivial as an etale G^ Xx Q-to^'sor on Q such 
that f*P = PxxQ = {QxxQ) A^"" G is also trivial as an etale G-torsor. □ 

Corollary 3.5 Let G be a connected reductive group scheme of hnite presentation 
over Fq, q = p'^', X be a scheme over ¥q and let P be an etale G-torsor on X with the 
property that there is an s G N such that (F*)*P = (F*)*P holds for allt> s as etale 
G-torsors where F denotes the absolute Frobenius of X. Then P is trivialisable. 

3.3 Semistability of principal bundles 

As in the case of vector bundles these results will enable us a description of the 
category d (^) using the notion of semistability. Therefore we recall the following 
construction by Serre ([Se]): 

Given a smooth reductive group G over a field k of arbitrary characteristic, a smooth 
projective curve X over k, a G-torsor E on X and a quasi-projective scheme F 

over k on which G acts from the left, an action of G on ii^ Xspec fc P is defined by 
g{e, /) := {e{g®l),g~^ f) for aWg ^G,e & E and f e F. The quotient of ^^Xspec 



20 



modulo this action of G is representable by an unique scheme E{F) such that the 
morphism E Xgpcc ^ -F — > E{F) gives the structure of an etale G-torsor over E{F) 
to the fibre product E x^pcc k F- It is clear that every morphism a: Fi ^ F2 of 
quasi-projective fc-schemes with an action from G from the left which is compatible 
with the action of G on Fi resp. F2 induces a morphism a^: E{Fi) E{F2). If 
a: G ^ H is a morphism of connected reductive algebraic groups over k, the above 
defined scheme Ep{H) is an //-torsor. If moreover H is a normal closed subgroup of 
G, then it follows from Chevalley's theorem that G/H is a quasi-projective variety. If 
we equip G/H with the natural action of G from the left, then there exists therefore 
the above defined scheme E{G/H). 

Using this construction by Serre we can now define extensions and reductions of the 
structure group: 

Definition 3.6 If p: G — > i/ is a morphism of connected reductive group schemes 
of finite presentation over a field A; and X a smooth projective curve over fc, then 
p induces a map {X, G) (X, H) by mapping each G-torsor E onto the H- 

torsor Ep{H). One says that one obtains Ep{H) by extension of the strucure group 
of E to H. If there is on the other hand a i?-torsor E' given together with a G-torsor 
E and an isomorphism of i?-torsors $ : Ep{H) E', then we call {E, $) a reduction 
of the structure group of E' to G. 

We set E/P := E{G/P) and denote by T^/p the relative tangent bundle with respect 
to the projection E/P ^ X. Ifcr: X ^ E/P is a section of the canonical projection 
E/P X, one finds that a*TE/p = E{q/p). Moreover, the sections a: X ^ E/P 
are in l:l-correspondence to the etale P-torsors on X which one obtains by reductions 
of the structure group of E to P. Thus we may denote reductions of the structure 
group of to P in the following by (P, a) . 

For the upcoming characterisation of the category ^Xo,DiG) we need the notion of 
semistability of principal bundles. This notion was defined by Ramanathan extending 
the definition of semistability for vector bundles by Mumford as follows: 

Definition 3.7 (Ramanathan, [R, Definition 1.1]) Let G be a connected re- 
ductive algebraic group over a field k and X a smooth projective curve over k. 
Then a G-torsor £^ on X is said to be semistable, if and only if for every reduction 
(P, a) of the structure group to a maximal parabolic subgroup P, where a is a section 
a: X ^ E/P, the inequality deg{a*TE/p) > holds. 

Prom the relation (t*Te/p = E{q/p) it follows moreover: 

Lemma 3.8 (compare with [R, Remark 2.2], [BH, Lemma 2.5]) Let G be a 

connected reductive algebraic group over a field k of arbitrary characteristic and 
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X a smooth projective curve over k. Then a G-torsor E on X is semistable if the 
associated vector bundle E{q) is semistable. 

Proof Let (P, a) be a reduction of the structure group of to a maximal parabolic 
subgroup P of G. Then the exact sequence 0— >p^g^g/p^O gives us by 
the functoriality of the construction of the associated fibre bundle an exact sequence 
E{p) E{g) E{g/p) ^ of vector bundles on X. As £^(0) is semistable 
as a vector bundle, it is therefore ij.{E{q/p)) > fi{E{g)), i.e. fi{a*TE/p) > ^{E{g)). 
As by [Be, Note 4.2] deg(£^(g)) = holds such that we have //(-^(s)) = 0) it follows 
deg{a*TE/p) > and therefore the semistability of E. □ 

Corollary 3.9 Let G be a connected reductive algebraic group over a held k and X 
a smooth projective curve over k. Then the trivial G-torsor Gx on X is semistable. 

Proof In the given situtation holds 

Gx{q) = {G xspec k X) xspcc k Q/{x,eg,g'^ f) = X Xgpcc k {G Xspcc k Q/{eg,g'^f)) 

with a; G X, e € G and / S such that Gx{q) is a trivial vector bundle. Following 
Lemma 3.8, Gx is therefore semistable. □ 

Remark 3.10 Let G,X and k as before. Then the proof of Lemma 3.8 shows also 
that a G-torsor £^ on X is semistable if and only if deg{a* E{p)) < holds for any 
reduction (P, a) of the structure group to a maximal parabolic subgroup P of G. 

As in the case of vector bundles one may check semistability also for G-torsors after 
pullback along a finite covering: 

Lemma 3.11 (compare [BH, Lemma 6.8]) Let X be a smooth projective curve 

over a held k, G a connected reductive algebraic group over k, E a G-torsor on X 
and f:Y^Xa hnite covering. Then E is semistable, if f*E is it. 

Proof Let f*E be semistable. Suppose that E is not semistable. By Definition 3.7 
exist a maximal parabolic subgroup P of G and a section a: X — > E/P such that 
deg{a*TE/p) < 0. But 

deg((a® idy)*r^.^,/P^) = degiria*TE/p)) = [K{Y) : KiX)]deg{a*TE/p) 

implies then deg{{a (g) idY)*TExxY/PY) < *-* f* = E Xx Y is therefore not 
semistable in contradiction to our assumption. □ 

Furthermore it holds: 
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Lemma 3.12 Let Xq be a smooth projective curve over a Geld k, k an algebraic 
closure of k, X := Xq and / : X — > Xq the canonical projection. Moreover, let 
G be a connected reductive algebraic group over k and E a G-torsor on Xq. Then 
E is semistable, if f*E is semistable. 

Proof Let f*E be semistable. Suppose that E would be not semistable. Then 

there exist by Definition 3.7 a maximal parabolic subgroup P of Gx^ and a section 
a: X ^ E/P such that deg{a*TE/p) < 0. As we have f*E = E (S>kk and all 
constructions are compatible with base change, it follows by [Liul, Proposition 7.3.7] 
deg(((7 ®k k)*Tf*E/Px) = deg{{a*TE/p) ®k k) = deg{a*TE/p) < 0. Thus f*E is not 
semistable either what is again a contradiction to our assumption. □ 

Remark 3.13 One should notice that the other direction is not correct in the two 
previous statements in general: If E is semistable, then in general f*E may be not 
semistable. In the case of vector bundles one knows from a result by Gicscker (see 
[Gie, Lemma 1.1]) that the inverse direction holds, if the morphism / is finite and 
separable. In the case of a G-torsor whose structure group G is a connected reductive 
algebraic group G of finite presentation over k the inverse direction holds following 
[BH, Lemma 6.8], if / is again finite and separable, but only in that case that G has 
a representation "of low height" . 

3.4 The degree of a torsor 

We need still the notion of a degree of a torsor: 

Definition 3.14 ([HN, Definition 3.2]) Let X be a smooth projective curve of 
genus g over a field k, G a connected reductive algebraic group over k and E a G- 
torsor on X. Then we call the homomorphism dE- Hom(G, fc*) Z,x'-^ deg{E^) 

the degree of E. Here E^ = Ex^^^^ /. Gm/G is the line bundle associated to E by the 
character x, where the action of G on xspec k'^m is given by (e, f)g = {eg, x{9~^)f) 
for all e G / G and g eG. 

Remark 3.15 Let X still be a smooth projective curve over a field k and G a 

connected reductive algebraic group over k. Then it holds: 

{i) The degree dcx of the trivial torsor Gx on X is the zero homomorphism. 

(m) If is a G-torsor on X and f -.Y ^ X a finite morphism of smooth projective 

curves over k, then we have df*E = [K{Y) ■ K{X)]dE- 

{Hi) If £^ is a G-torsor on X and k an algebraic closure of A;, it holds d^^^-j^ = dE- 

Important for us is this notion of a degree of a torsor mainly because of the following 
result by Holla and Narasimhan: 
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Proposition 3.16 ([HN, Theorem 1.2]) Let G be a connected reductive alge- 
braic group and X a smooth projective curve both over an algebraic closed field k of 
arbitrary characteristic. Then the set of isomorphism classes of semistable G-torsors 
on X with fixed degree is bounded. 

Here we say that a set S of G-torsors is bounded if there exists a scheme S of finite 
type over k and a family of G-torsors which is parametrized by S such that any ele- 
ment of S is on X isomorphic to the G-torsor on X that one obtains by restriction 
of the given family on a suitable closed point of S. 

As by a theorem of Lang (see [La, Theorem 1.3]) H^{k,G^) = for any connected 
redTictivc algebraic group G over a finite field fc, where k is an algebraic closure of k, 
such that there are no nontrivial forms, it follows by noetherian descent: 

Corollary 3.17 Let G be a connected reductive algebraic group and X a smooth 
projective curve each over a finite field k. Then the set of isomorphism classes of 
semistable G-torsors on X with fixed degree is bounded. 

Corollary 3.18 Let G be a connected reductive algebraic group and X a smooth 
projective curve each over a finite field k. Then there are only finitely many isomor- 
phism classes of semistable G-torsors on X with hxed degree. 

3.5 Relations between semistability and trivialisibility 

Similary to the case of vector bundles which was examined by Lange and Stuhler 
in [LS] we find also in the case of G-torsors relations between semistability and 
trivialisibility of torsors. Therefore we define: 

Definition 3.19 Let G be a connected reductive algebraic group of finite presenta- 
tion over a perfect field k of characteristic p > and X a smooth projective curve 
over k. Then we call a G-torsor E on X strongly semistable, if E is semistable and 
moreover for all r G N the pullback {F^')*E under the r-th product of the absolute 
Probenius F on X is again semistable. 

This definition allows us to show the following result which is analogous to the well 
known result of Lange and Stuhler in the case of vector bundles ([LS, Satz 1.9.]): 

Proposition 3.20 Let X be a smooth projective curve of genus g over a finite field 
k and G a connected reductive algebraic group of finite presentation over k. Then 
E is, considered as a G-torsor for the etale topology, trivialisable, if and only if E is 
strongly semistable of degree zero. 
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Proof If E can be trivialized by a finite covering f : Y ^ X, then for every r G N 
the pullback {F'^)*E under the r-th power of the absolute Frobenius on X is also 
trivialisable by /. This implies that {F''')*E is semistablc by Lemma 3.11 because the 
trivial torsor Gy on Y is semistable by Corollary 3.9. Thus E is strongly semistable. 
Prom Remark 3.15 follows moreover that = holds. 

If conversely E is strongly semistable of degree zero, then {F'^)*(E) is semistable of 
degree zero for all r € N. As by Corollary 3.18 the number of isomorphism classes 
of semistable G-torsors E on X with fixed degree is finite, there exists an s € N 
such that we have isomorphisms of G-torsors {F'^)*{E) = {F^)*{E) for all r > s. By 
Corollary 3.5, E is thus trivialisable. □ 

3.6 Application to the characterisation of the category ^x^,d{G) 

Let G in the following always be a connected reductive group scheme of finite pre- 
sentation over and k = ¥p the residue field of Zp. Then we can now state our first 
main result: 

Theorem 3.21 Let X be a smooth model over Zp of a smooth projective curve X 
over Qp of genus different from zero. A G-torsor P onX Ues in the category I^Xo {G), 
if and only if Pj^ is strongly semistable of degree zero on the smooth projective curve 
Xk over k. 

Proof 

(i) If P G ^xAG), there exists by Theorem 3.1 a covering (tt : 3^ ^ X) G 
such that vr^-Pfc is trivial. As tt^ is finite, P^ is thus a semistable G-torsor on 
Xfc following Corollary 3.9 and Lemma 3.11. As tt o F^^. = Fy^ o vr holds, it 
follows that {F'^^yPk is also semistable for all r G N such that therefore P^ is 
strongly semistable. As the degree of the trivial torsor is the zero morphism 
and c?7r*Pfc = [K{yk) '■ K{Xk)\dp^, following Remark 3.15(m), the degree of is 
the zero morphism. 

(ii) Let now conversely P^ be strongly semistable of degree zero. As under the 
given assumptions every G-torsor is also a torsor with respect to the etale 
topology, we may consider P and P^ in the following always as torsors for the 
etale topology. Prom noetherian descent follows that the family (AT, X, G, Pjt) 
descends to a family (X/^, Xj,^, Go, Pq) over a finite extension K of Qp with 
residue field k = ¥q,q = p'' . Here Xk is a smooth projective curve over 
Xoji a smooth model of Xk over Oi^- , Go a connected reductive group of finite 
presentation over a normal finitely generated o^-algebra A and Pq an etale 
G-torsor on the special fibre Xq of Xqk- One checks easily that Pq is again 
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strongly semistable of degree zero. By Proposition 3.20 there exists thus a 
finite surjective morphism ^0 such that (p*Po is trivial. Following the 

construction of the morphism (p in the proof of Proposition 3.20 we may choose 
if as the composition of a finite etale morphism 0o : ^ where 3^o is a 
smooth projective curve over n, and a Probenius-power for a suitable s > 0. 
From this point on, the remaining proof continues verbaly as those of [Dc-Wel, 
Theorem 20], if we only replace Sk by Pk and the citation of [De-Wel, Theorem 
16] by those of Theorem 3.1. □ 

For the general case we define similary as in the case of vector bundles in [De-Wel]: 

Definition 3.22 Let be a valuation ring with quotient field Q and residue field k. 
We consider a model X over i? of a smooth projective curve X over Q and a G-torsor 

E on X where G is a connected reductive group scheme of finite presentation over R. 
Then we say that E has strongly semistable reduction of degree zero if the pullback 
of Ek to the normalisation C of every irreducible component C (equipped with the 
reduced structure) of Xk is strongly semistable of degree zero. Note that every C is 
a smooth projective curve over k. 

Moreover, we need the following generalisation of [De-Wel, Theorem 18]: 

Proposition 3.23 Let G be a connected reduktive group scheme of finite presenta- 
tion over ¥q, X a pure onedimensional proper scheme over ¥q and E a G-torsor on 
X. Then the foUowing are equivalent: 

(i) The pullback of E to the normalisation of every irreducible component of X is 
strongly semistable of degree zero. 

(a) There exists a finite surjective morphism ip: Y ^ X, where Y is a pure onedi- 
mensional proper scheme over ¥q such that (p*E is a trivial G-torsor. 

(Hi) The same as in (ii), but with ip as a composition ip: Y — > Y ^ X for some 
s > 0, where tt is finite, etale and surjective and F = Fvq = Fr^ is the 
q = -linear Frobenius on Y. 

Proof 

(ii)=>(i) Every irreducible component C of X is finitely dominated by an irreducible 
component D of Y . It follows that the pullback oi E to C is trivialized by a 
finite morphism D ^ C. As we may check semistability following Lemma 3.11 
after pullback along a finite covering and the absolute Frobenius is functorial, 
this implies (z). 
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►(iii) By Corollary 3.18, there exist only finitely many isomorphism classes of semi- 
stable G-torsors with fixed degree on each of the finitely many irreducible 
components of X. As a first step we deduce from this that there exist only 
finitely many isomorphism classes of etale G-torsors on X which all pullbacks 
to the normalisations of the irreducible components of X are semistable of 
degree zero. 

Let us first assume that X is reduced. Then the normalisation morphism 
tt: X = WCv ^ X is finite where X = yj^Cv is the partition of X in its ir- 
reducible components. Moreover, the natural morphism a: Gx — > 7r*G^ is 
injective: The normalisation morphism tt is finite and surjective and thus a 
covering for the /i-topology on X ([V, Definition 3.1.2]), in particular therefore 
an universal topological epimorphism. As every scheme U that is etale over X 
is reduced, the morphism -kjj : U y<x X ^ U \s therefore following [V, Lemma 
3.2.1] a categorial epimorphism in the category of schemes such that the map 



is injective. 

As the support of the cocernel of a: Gx 7r*G^ consists at last only of 
the singular points of X, this cocernel is a skyscraper sheaf of sets, following 
[Liul, Exercise 2.2.9] therefore of the form na;ex«'"9 ix*Sx- We make now the 
assertion that every set Sx is finite: 

We show that we have the following exact sequence of etale sheaves on X: 
O^Gx^TT.G^-^ i,,(0G(K(y))/G(«;(x))). 

X&X'^^S y\x 

Let i: X ^ X he a closed point. Then one has a cartesian diagram 

X XxX— ^X 



-^X 



and there exists a canonical base change morphism z*7r*G^ -—^ 'iTx*ix by 
[Ta, Satz II. 6. 4. 2] which is an isomorphism. 

This implies {'k*G^)x = {T^x*'ix G^)x and by [M, Corollary II.3.5] 

(tt^G^)^ = 0G^^^. 

y\x 
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By [M, Remark II.2.9d)], these stalks are Gx,x = and G^y = G{K{y)). 

As the stalk of ©a,gx«»"9 ^a;*(0j/|:c ™ point x can be 

calculated to Ylx\xiGi'^(^)/Gi'^i^))i sequence 

xeX^i^S y I X 

is exact on any stalk and thus also itself exact. In particular follows therefore 
C Ux\xiG{K{x))/G{K{x))) for ah x € From the finiteness of k{x) 

and the finiteness of the product it follows therefore that is finite for all 

As in the case of vector bundles it follows thus from [Gi, CoroUaire III.3.2.4] 
that there arc only finitely many isomorphism classes of G-torsors on X which 
induce distinct chosen isomorphism classes of G-torsors on the curves Cv In 
particular, there exist thus only finitely many isomorphism classes of G-torsors 
on X whose pullback to the normalisations of the irreducible components of X 
is semistable of degree zero. 

In the general case that X is not necessarily reduced, it suffices therefore to 
show that the natural map (p: Hj^{X,G) Hj^{Xred,G) has finite fibres. By 
devissage, one sees that it is sufficient to show that for any ideal J' C Ox with 
J^ = the map i* : H^X, G) Hl^{X', G) has finite fibres where i: X' ^ X 
is the closed subscheme of X defined by J. 

Similar to the proof of Theorem 3.1, we have by [Gi, Lemme VII.1.3.5] the 
following exact sequence of sheaves on X^^ 

1 u{Lie{Gx'/X') ®Ox J) ^ G ^^-^ uGx' ^ 1, 

where all maps are defined as in the proof of Theorem 3.1. 

Prom this exact sequence one deduces the exact cohomology sequence 

Hi{XX{Lie{Gx'lX') ®o^, J)) ^ Hi{X,Gx) ^ Hlt{X,uGx'). 

By [SGA4, Corollaire VIII. 5. 6], it is moreover R^i^Gx' = because i is a closed 
immersion, in particular integral. By [Gi, Proposition V.3.1.3], Hl^{X,i^Gx') 
is therefore isomorphic to Hl^{X',Gx') such that therefore the sequence 

Hl^{XMLie{Gx'/X') ®o,, J)) h Hi{X,Gx) ^ Hi{X',Gx') 
is exact. 

As above, R^it,{Lie{Gx' / X') (810^, J) = Q implies by [Gi, Proposition V.3.1.3] 
that we have an isomorphism 

Hl,{X',Lie{Gx'/X') ®o^, J) Hl^{X,i,{Lie{Gx' /X') ^o^, J)) 



28 



such that the sequence 



H},{X', Lie{Gx'/X') ^o,, J) ^ H},{X, Gx) ^ Hi{X' , Gx') 
is exact. 

The canonical Ox'-modulc structure of Lie{Gx' /X') induces moreover the 
following canonical exact sequence of sheaves on X'^^: 

ker(a) Lie{Gx'/X') ®o^, 

where a is the natural morphism. This gives us a surjection 

Hl{X', J) ^ Hl{X', Lie{Gx'/X') ®o,, J), 

because X' is at last oncdimcnsional and Hj^{X',^) = H'^{X' , J^Zar) for any 
etale sheaf ^ on X' by [M, Proposition III. 3. 3] where ,^zar is the restriction to 
the Zariski topology. Therefore one obtains the following non-abelian cohomol- 

ogy sequence: HliX',J) H}^iX,Gx) ^ Hl{X',Gx'). As Hl{X\J) 

is a finite dimensional F^- vector space and therefore finite, it follows that (p has 
finite fibres. 

Let now E he a G-torsor as given in {i). Then the pullbacks to Cy of all G- 
torsors {F^)*E on X are each semistable of degree zero. As we have shown that 
there exist only finitely many isomorphism classes of such G-torsors on X, there 
exists an s > such that {Fj^)*E ^ {F^)*E holds for all t > s. For the G-torsor 
E' := {F^)*E holds therefore {F^)*E' = E' for all r = t-.s > 1. If wc consider 
now E and E' as torsors with respect to the etale topology, then there exists by 
Corollary 3.4 a finite etale and surjective morphism ttiY^X such that it*E' is 
a trivial G-torsor on Y. In other words, (tt o FyYE = {F^ o Tr)*E = Tr*{F^)*E 
is a trivial etale G-torsor on y. As y is a pure onedimensional proper ¥q- 
scheme, we have therefore shown (iii). □ 

As a generalisation of [De-Wel, Theorem 17] we are thus able to prove: 

Theorem 3.24 Let X be a model over Zp of a smooth projective curve X over Qp 
and G a connected reductive group scheme of finite presentation over o. A G-torsor 
P on Xo is contained in the category ^Xo,d{G) for a suitable divisor D if and only 

if P has strongly semistable reduction of degree zero. If this condition is fuUfilled, 
there exist two divisors D and D on X with disjoint support such that P lies as in 
the category (G) as in the category ^ (G) . 

Proof If a G-torsor P on j£o is contained in the category SB^^ {G) for a suitable 
divisor D on X, then there exists by Theorem 3.1 a covering -k: y ^ X in S^'^ 
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such that TT^Pfc is trivial. Let Xk = U^C^ be the partition of Xk in its irreducible 

components. Then every Cy is finitely dominated by a irreducible component C„ of 
y^. Thus it follows from Corollary 3.9 and Lemma 3.11 that the pullbacks of to 
all Cy are each strongly semistablc of degree zero. 

Let us now conversely assume that the G-torsor P on Xj, has strongly semistable 
reduction of degree zero and is considered in the following always as an etale G-torsor. 
As in the proofs of Theorems 3.1 and 3.21, there exists by noetherian descent a finite 
extension K of Qp with ring of integers Ok and residue field k = ¥q such that the 
family {X, X, Cy, G, Pk) descends to a family {Xk, ^ok^ ^vQ, Gq, Pq) with analogous 
properties. In particular, Pq is an etale Go-torsor on the special fibre Xq = Xo^^ k 
whose pullback to the normalisations G„o of the irreducible components G„o of Xq 
is strongly semistable of degree zero. By Proposition 3.23, we find therefore a finite 

etale morphism vfo : 3^o ^ such that for the composition ^ : 3^o 
the pullback ^*Pq is trivial. Note that we may replace here s by any greater 
number s' and then F by any arbitrary power of F. As in [De-Wel], [SGAl, Expose 
IX, Theoreme 1.10] allows us to lift the morphism ttq to a finite etale morphism 
TTo^ : ~^ ^0 with TTo as special fibre. If we replace K as in [De-Wel] by a suitable 
finite extension Ki of K, we can dominate by an object t^ok^ '• -^Oifj ~^ ^ok^ 
the category Sx„^ ,0, where we may suppose as in [De-Wel] that yoK^ ^lo^ only 
even semistable and moreover also regular. If we write again K instead of Ki, Pq 
instead of Pi, Ok instead of 0^-^, k instead of ki etc. to simplify our notation, it 

follows that the pullback of Pq under the composition (/?: — ^ — ^ is a 
trivial Go-torsor. 

Prom this point on, the remaining proof carries over verbatim from the proof of 

[De-Wel, Theorem 17], if we only replace 8^ by Pfe, by P and £q by Pq and finally 
the citation of [De-Wel, Theorem 16] by those of Theorem 3.1. □ 

4 Principal bundles on Xc^ and parallel transport 

4.1 Potentially strongly semistable reduction and peirallel transport 

Let X still be a smooth projective curve over Qp, j£ a model of X over Zp and G a 
connected reductive group scheme of finite presentation over o. In the aim to extend 
the results of the previous section to the case of principal bundles over Xc^ , we need 
the following definition which is analogous to those in the case of vector bundles (see 
[De-Wel, Chapter 0]): 

Definition 4.1 We say that a G-torsor E on Xc^ has strongly semistable reduction 
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of degree zero, if he has the following property: 

E extends to a G-torsor E on Xg for a suitable model Xof X over Zp and the pullback 
of the special fibre Ef^ of E to the normalisation of every irreducible component of 
Xfc is strongly semistable of degree zero. 

Moreover, one says that E has potentially strongly semistable reduction of degree 
zero, if there exists a finite etale morphism a: Y ^ X oi smooth projective curves 
over Qp such that a^^E has strongly semistable reduction of degree zero. 



Let (G) now be the category of G-torsors on Xq^ with strongly semistable 

reduction of degree zero and (G) the category of those with potentially strongly 
semistable reduction of degree zero. Then we are now able to show the two main 
results of this article: 

Theorem 4.2 It holds B'^^ (G) = [Jo ^Sxc^MG)- Every G-torsor in B%^ (G) is 

contained as in Bxcp,D{G) as in B^^ d{G) for suitable divisors D and D with disjoint 
support. 

There exists an unique continous functor pE : T^iiX) 'P(G(Cp)) for every G-torsor 
E G B^Xc d(^) s^ch that pe{x) = E^ for all x G X{Cp) and pE is compatible with 
the functors pE- t^i{X — D) ^ V{G{Cp)) which were constructed for fixed divisors 
D with E G Bxcp,d{G) in the second section. 

In conclusion one obtains therefore a functor p: Bx^ (G) — > Rep^j(j(;)(G(Cp)) which 

is functorial with respect to morphisms of smooth projective curves over Qp, mor- 
phisms of connected reductive group schemes of Rnite presentation over o and Qp- 
automorphisms of Qp and which is compatible with the analogous functors in the 
case of vector bundles through the functors defined in Section 2.4. 

For any point xo G X{Cp) is the ''fibre functor in xq" 

^Xc,(G) - V{G{Cp)), E ^ E,„ f ^ 

faithful. 



Proof If G Bxcp,D{G) for some divisor D, then E extends by the definition of the 

category Bxr^.DiG) and by Theorem 3.24 to a G-torsor E on Xo for a suitable model 
X on X which has strongly semistable reduction of degree zero. By definition, it is 
therefore E G 13'x^^{G). 

If conversely E' G B^^ (G) holds, then it follows either from Theorem 3.24 that 
E' G Bxcp,d{G) for a suitable divisor D and that there are more precisely divisors 
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D and D with disjoint support such that E is contained as in Bxc d{G) as in 
B^^^ 5(G). This implies B$,^^ (G) = [j^ Bx^^,d{G). 

If is a G-torsor in (G), there exist, for all divisors D with E G Bxcp,D{G), 
by Section 2.2 continous functors pe,d- Bxcp,D{G) — > ^QPTri{X-D){G{Cp)) with 
Pe{x) = Ex for all x G (X — D){Cp). By Proposition 2.7, there exists thus an unique 
functor pe- T^ii^) —>■ P(G(Cp)) which induces the functors Pe,d on Tri{X — D). 

It is clear that we obtain a functor p: Bx^, (G) Rep7ri(x)(G'(Cp)) by the appli- 
cation E pe and all functoriality properties follow directly from the analogous 
statements in Section 2.4. 

Let us fix a point xq € X{Cp). We have to show the injectivity of the natural map 
Homgj^ (G){E,E') Homp(G(Cp))(-Exo,^xo) for all G-torsors E, E' G B%^^ (G): Let 

f,g:E^E'he two morphisms of G-torsors on X^^ such that f^^ = Qxq holds. Let 
moreover x G X{<Cp) be another Cp-valued point of X and 7 a path from xq to x. 
Then there exist two parallel transports Pe{i)- E^q E^ resp. Pe'{i)'- E'^q E'^ 
such that we obtain by the functoriality of the construction of the parallel transport 
a commutative diagram 



^xo ^ ^x 

as in the case that one chooses as vertical arrows /x-,, and as either in the case 
that one chooses Qxq and gx ■ By the commutativity of the diagram and the fact that 
all horizontal maps are isomorphisms, it follows fx = gx- As a; G X{Cp) was chosen 
arbitrarily, fx = gx holds thus for all Cp-valued points x oi X and in particular for 
all Cp-valucd points of E. Therefore the maps f,g: E{Cp) E'{Cp) induced by 
/ resp. g coincidence. As Gxc^ is a connected reductive algebraic group of finite 
presentation over Xc^ , we know that E and E' are affine, smooth, reductive and of 
finite presentation over Xcp and therefore by [EGAII, Proposition 5.3.4] projective 
over Cp. Thus E and E' come by [EH, p. 50] from varieties £ resp. £' over Cp 
in the sense of classical algebraic geometry a la Weil. As a morphism £^ ^ is 
uniquement determined by a morphism £{Cp) £'{Cp), then / and g coincidence 
on the set of closed points of E which is an open dense subset of E by [Ha, Exercise 
II. 3. 14]. Following [EGAI, Lemma 7.2.2.1] / and g therefore conincidence on the 
whole scheme E such that the fibre functor in xq is faithful. □ 

We can now prove the theorem mentioned in the introduction, but recall first [De-Wel, 
Proposition 31] that we need for the proof: 
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Proposition 4.3 ([De-Wel, Proposition 31]) Let a: Y ^ X be a Galois cover- 
ing between varieties over Qp. A (continous) functor W: 7ri{Y) — C into a (topolog- 
ical) category C factors as W = V o for some (continous) functor V : t^i{X) C 
if and only if we have W oa^ = W for all a G Gal{Y/X). If a is only finite and etale, 
but not necessarily Galois, the relation W = V o a^, already determines V uniquely. 

Theorem 4.4 Let E be a G-torsor in (G), i. c. a G-torsor on Xq with po- 
tentially strongly semistable reduction of degree zero. There exist functorial iso- 
morphisms of "parallel transport" along etale paths of fibres of Ec^ on Xcp. In 
particular, there exists for any G-torsor E G B^^ _d(G') an unique continous functor 
Pe'. T^iiX) — > V{G{Cp)) with pe{x) = E^ for all x G X{<Cp) such that pE is com- 
patible with the above defined functors Pa*E- '''"i(^) ~^ '^(G'(Cp)), if a*E G By^ (G) 
holds for some finite etale morphism a: Y ^ X between smooth projective curves 
over Qp. 

In this way, one gets a functor p: B'x^ (G) Rep7ri(x)(G(Cp)) which is functorial 

with respect to morphisms of smooth projective curves over Qp, morphisms of con- 
nected reductive group schemes of finite presentation over o and Qp-automorphisms 
of <Qp and which is compatible via the functors described in Section 2.4. with the 
analogous functors in the case of vector bundles. 

For every point xq G X{Cp), the "fibre functor in xq" 

B^,^ ^ V{G{Cj,)),E ^ E,„f^ 

is faithful. 

Proof Let £^ be a G-torsor on Xc^ with potentially strongly semistable reduc- 
tion of degree zero. Then there exists a finite etale morphism a: Y X oi 
smooth projective curves over Qp such that E G By^ (G). Without any loss of 
generality we may assume that a is Galois. By Theorem 4.2 it holds therefore 
Pa*E o cr* = Pa*(a*E) = Pa*E for all (7 G Gal(y/X). Following Proposition 4.3, there 
exists thus an unique continous functor p{E) = pE- 7ri(X) — > V{G{Cp)) such that 
pa*E = Pe°<^*- In particular, we have Pe{x) = Ex for all x G X{Cp) and a morphism 
Pe{i) = Pa*E{l') '■ = {a*E)y-^ (a*E)y2 = Ex2 for any etale path 7 from xi to 
X2 in X. Here yi G Y(Cp) is lying over xi and 7' is the unique path in Y from yi 
to the point 7/2 over X2 satisfying 01^,7' = 7. For a morphism /: E ^ E' of G-torsors 
in B^^ (G), the morphism p(f) = pf : pE ^ Pe' is defined by the family of maps 
fx-. eJ^E'^ for all xeX(Cp). 

We assert now that this construction defines a well-defined functor 

p:^^^^(G)^Rep,,(^)(G(C,)) 
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which extends the previous functors p on B^^ (G). Prom the functoriahty properties 
in Theorem 4.2 and the uniqueness statement in Proposition 4.3 follows that the 
definition of is independent of the choice of a. 

Next we show that for any morphism f-.E^E'in (G) the family of maps 

fx' Ex — > E'^ defines a morphism in Rep ^^^(x) (G'(Cp)). Without any loss of gen- 
erality, we may assume that both a*E and a*E' are contained in By^ (G). Then 

Pa*f, i- e. the family of maps {a*f)y: {a*E)y — > {a*E')y, defines a morphism in 
Rep^^(y)(G(Cp)). By the definition of pEil) for an etale path in X, the diagram 



E 


fxi 


^E 


1 




pEin) 






E 


X2 


^E 


1 

X2 



commutes for any etale path 7 in X such that therefore the family {fx)xeX{Cp) defines 
a morphism in Rep^j(x)(G'(Cp)). 

Thus p is well-defined and it is obvious by the construction that p is a functor and 
extends the functor given on Bx^. (G). All the claimed functorialities of p^; follow 
from the already known functorialities of Pa*E and the uniqueness statement in 
Proposition 4.3. The fact that the fibre functor B^^c (^) ^ ^(<^(<^p)) faithful, is 
shown in the same way as in Theorem 4.2. □ 

4.2 Open questions 

• How big is the category B^^ (G)? Is in particular every semistable G-torsor 
of degree zero on contained in this category? The analogous question in 
the case of vector bundles, i. e. whether any semistable vector bundle of degree 
zero on Xq^ lies in B^^, , is until now solved by a postivc answer only for curves 
X of genus g = or g = 1 and is still open for curves X of higher genus. 

• What is the essential image of the functor p: B^^ (G) Rep7r^(x)(G(Cp))? 
This is still an open question in the case of vector bundles cither. 

• Is the fibre functor in a fixed point xq G X{Cp), i.e. B^^ (G) — >■ 7^(G(Cp)), 
not only faithful, but moreover fully faithful? 
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